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Abstract
In this article, we look at spontaneous combustion due to exothermic chemical reaction taking place within a stockpile
of combustible material. The model includes mass and energy balance equations in a spherical domain. The complicated
chemical reaction is simplified by considering a one-dimensional process. The differential equations governing the prob-
lem are solved using semi-implicit finite difference method. The effects of kinetic parameters embedded within the sys-
tem are analyzed and the results are expressed graphically and discussed accordingly.
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Introduction
Spontaneous combustion taking place in a stockpile of
combustible material is due to oxygen trapped within
the stockpile reacting with the carbon containing mate-
rial. The stockpile of combustible material includes
solid fuels such as coal, cotton, hay, wood, wool, and
other carbon or hydrocarbon containing materials.
Figure 1 illustrates how self-ignited fires in stockpiles
of hay can cause hazards to fauna and flora.
Physical factors or parameters that influence sponta-
neous combustion or self-ignition process, to mention
just a few, are combustible material particle size,
volume-to-surface ratio, porosity, thermal conductivity,
density, and heat capacity including convection in the
surrounding.1,2 The exothermic chemical reaction or
low-temperature oxidation causes emission of heat and
greenhouse gases such as carbon dioxide and carbon
monoxide.3,4 Initially, the temperature of the system is
assumed to be equal to that of the ambient, but as the
exothermic chemical reaction continues the temperature
of the system increases too. If the heat generated is not
appropriately transferred to the surroundings, the tem-
perature of the system increases such that the rate of
reaction increases exponentially according to Arrhenius
law.5,6 When the heat released due to exothermic chem-
ical reaction is not dissipated to the surrounding envi-
ronment, the reaction rate becomes faster and this may
result in thermal runaway phenomena to a point where
spontaneous ignition occurs.7,8 The heat produced in a
stockpile of combustible material determines tempera-
ture gradients across the stockpile. These temperature
gradients cause existence of natural convection, which
pushes air into the stockpile to supply oxygen for the
chemical reaction, but at the same time it cools the sys-
tem with air at ambient temperature.9 The chemical
1Department of Mathematics, Vaal University of Technology,
Vanderbijlpark, South Africa
2Faculty of Military Science, Stellenbosch University, Stellenbosch, South
Africa
3Center for Research in Computational and Applied Mechanics,
University of Cape Town, Rondebosch, South Africa
Corresponding author:
Ramoshweu Solomon Lebelo, Department of Mathematics, Vaal
University of Technology, Private Bag X021, Vanderbijlpark 1911, South
Africa.
Email: sollyl@vut.ac.za
Creative Commons CC-BY: This article is distributed under the terms of the Creative Commons Attribution 3.0 License
(http://www.creativecommons.org/licenses/by/3.0/) which permits any use, reproduction and distribution of the work without
further permission provided the original work is attributed as specified on the SAGE and Open Access pages (https://us.sagepub.com/en-us/nam/
open-access-at-sage).
reaction taking place in this case is complicated and it
includes many radicals.10,11 The chemical kinetics
model of the reaction of oxygen with carbon containing
materials is reviewed in Williams,12 and this process
involves nonlinear interactions of reacting species. The
process is described by nonlinear differential equations
that govern the chemical reaction of the system. The
governing equations are solved numerically, and in this
case, a semi-implicit finite difference method (FDM) is
used. A one-step decomposition kinetics is applied to
solve the complicated chemical reactions of the system
as indicated in Legodi and Makinde13 and Sadiq and
Merkin.14 In this article, the investigation of self-
ignition in a spherical domain of combustible materials
is investigated. A similar study was investigated in a
reactive slab in Makinde et al.,15 and in Chinyoka and
Makinde,16 the study was done using a long cylindrical
pipe. In section ‘‘Mathematical formulation,’’ we con-
sider the mathematical formulation and the relevant
numerical methods are described in section ‘‘Numerical
method.’’ Detailed discussion of results and graphical
solutions are presented in section ‘‘Results and
discussion.’’
Mathematical formulation
A spherical domain of combustible material with con-
stant thermal conductivity k is considered. A one-step
finite irreversible Arrhenius kinetics with convective
heat loss to the ambient is assumed, and it is described
by the formula8,15,16
CiHj+ i+
j
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O2 ! iCO2+ j
2
 
H2O+heat ð1Þ
Convective heat loss at the surface of the sphere fol-
lows Newton’s law of cooling and it is expressed by
 (h=k)½T  Tb, where h is heat exchange/transfer coef-
ficient, and it is a measure of how many calories flow
across the boundary per unit temperature difference
per second per centimeter, k is the thermal conductivity
of the sphere and it is also a measure of how well the
sphere conducts heat. T is the sphere temperature and
Tb is the ambient temperature. Figure 2 illustrates the
geometry of the problem.
Following15,16 the nonlinear partial differential equa-
tions (PDEs) describing temperature, oxygen concen-
tration and carbon dioxide emission in the combustible
material can be written as
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with initial and boundary conditions as follows
T (r, 0)= T0, C(r, 0)= 0:5Cb, P(r, 0)= 0
∂T
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(0,t)=
∂C
∂y
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where T is the absolute temperature, C is the oxygen
concentration, P is the carbon dioxide emission concen-
tration, Tb is the ambient temperature, Cb is the oxygen
concentration in the surrounding air, Pb is the carbon
dioxide concentration in the surrounding air, t is the
time, T0 is the slab initial temperature, C0 is the initial
concentration of oxygen in the sphere, r is the density,
cp is the specific heat at constant pressure, D is the dif-
fusivity of oxygen in the sphere, g is the diffusivity of
carbon dioxide in the sphere, Q is the exothermicity, A
is the rate constant, E is the activation energy, R is the
universal gas constant, l is the Planck number, v is the
vibration frequency, K is the Boltzmann constant,
a=r is the radial distance, h1 is the coefficient of heat
transfer between the sphere and its surroundings, h2 is
the coefficient of oxygen transfer between the sphere
and its surroundings, h3 is the coefficient of carbon
dioxide transfer between the sphere and its surround-
ings, n is the order of exothermic chemical reaction,
and m 2 f2, 0, 0:5g is the numerical exponent such
that m=  2 represents the sensitized kinetics (laser/
light induced), Arrhenius kinetics is represented by
m= 0 and m= 0:5 is for bimolecular kinetics, as indi-
cated in previous studies.3,4,8,15,16 The following
Figure 1. Self-ignited cylindrical hays.
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dimensionless parameters are introduced into the set of
equations (2) and (3)
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to obtain the following dimensionless governing
equations
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The corresponding initial and boundary conditions
then become
u(r, 0)= 0, F(r, 0)= 0:5, C(r, 0)= 0
∂u
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where l is the Frank-Kamenetskii parameter, r is the
sphere dimensionless radial distance, e is the activation
energy parameter, b1 is the oxygen consumption rate
parameter, b2 is the carbon dioxide emission rate para-
meter, a is the oxygen diffusivity parameter, s is the
carbon dioxide diffusivity parameter, and Bi1, Bi2, and
Bi3 represent the thermal Biot number, oxygen Biot
number, and carbon dioxide Biot number, respectively.
The dimensionless heat and mass transfer rates at the
sphere surface are expressed in terms of Nusselt and
Sherwood numbers, respectively, as3,4,10
Nu=  du
dy
, Sh1=
dF
dy
, Sh2=  dC
dy
, at y= 1 ð7Þ
The Nusselt number values were worked out from
the process of numerical computation. The values of
the Nusselt number are the same as those for the
Sherwood numbers.
Numerical method
The numerical algorithm is based on the semi-implicit
finite difference scheme, following Makinde et al.15 and
Chinyoka and Makinde.16 The implicit terms are taken
at the intermediate time level (N + j) where 0 j 1.
The algorithm employed in this article uses j= 1 to
allow the use of larger time steps, and it is therefore
possible to work with any value of the time step. The
discretization of the governing equations is based on a
linear Cartesian mesh and uniform grid on which finite
differences are taken. The PDEs governing the problem
are approximated with second-order central differences
for both the second and first spatial derivatives. The
equations corresponding to the first and last grid points
are modified to incorporate the boundary conditions.
The transformation for each component of the PDE
where j represents position, N time, and Dr mesh spac-
ing, is done as follows
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Figure 2. Geometry of the problem.
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It follows that the semi-implicit FDM for tempera-
ture, oxygen concentration, and carbon dioxide concen-
tration are, respectively, expressed as follows
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The terms at the new time, (N + 1), are placed on
the left-hand side. These are the unknowns. The known
values at the present time, (N), are moved to the right-
hand side resulting in the following
jguN+1j+1 + 1+2jgð ÞuN+1j jguN+1j1 =g(1j)uNj+1+ 12g(1j)½ uNj g(1j)uNj1+
1
2r2j
g uNj+1uNj1
 
+lDt (1+eu)mFnexp
u
1+eu
  N
jgaFN+1j+1 + 1+2jgð ÞaFN+1j jgaFN+1j1 =g(1j)aFNj+1+ ½12g(1j)aFNj g(1j)aFNj1+
a
2r2j
g FNj+1FNj1
 
lb1Dt (1+eu)mFnexp
u
1+eu
  N
jgsCN+1j+1 +(1+2jg)sCN+1j jgsCN+1j1 =g(1j)sCNj+1+ ½12g(1j)sCNj g(1j)sCNj1+
s
2r2j
g CNj+1CNj1
 
+lb2Dt (1+eu)
mFnexp
u
1+eu
  N
9>>>>>=
>>>>>;
ð9Þ
where g=(Dt=Dr2). The system of equations resulting
from equation (8) forms a tri-diagonal system, which
can be solved using any numerical software such as
MATLAB and MAPLE. Graphical solutions for uN+ j,
FN + j, andCN + j are given in the following section.
Results and discussion
Here, we present effects of various kinetic parameters
on temperature, oxygen concentration, and carbon
dioxide emission. Unless otherwise stated, the following
parameters are used
m= 0:5, n= 1, s= 1, Bi1= 1, Bi2= 1, Bi3= 1,
b1= 1, b2= 1, l= 1, a= 1, e= 0:1, t= 10
Transient and steady flow profiles
In this case, temperature, carbon dioxide emission, and
oxygen depletion profiles at various time intervals are
provided. Figure 3 displays the transient increase in
temperature with varying times until a steady state is
attained. The same scenario is observed in Figure 4,
where there is transient increase in carbon dioxide emis-
sion until steady state is reached. The general trend is
that temperature and carbon dioxide emission profiles
are highest at the center of the sphere and lowest at the
surface thereof. This is due to continued exothermic
chemical reaction that keeps on producing heat and
carbon dioxide to increase high levels of these products
inside the sphere where combustion takes place. At the
surface of the sphere, heat and mass transfer occur,
where heat is lost to the ambient and carbon dioxide
diffuses out of the sphere to the ambient. A different
observation is shown in Figure 5. In this case, we see a
decrease in oxygen concentration as time increases,
until a steady-state situation is attained. The reason for
this behavior is that oxygen is consumed during com-
bustion and its concentration is reduced but more con-
centration thereof is toward the surface of the sphere
and diffuses into the sphere to enhance exothermic
chemical reaction.
Effects of thermo-physical parameters variation on
sphere temperature profiles
Figures 6–13 show the effects of various parameters on
temperature of the sphere. We observe that the tem-
perature increases with corresponding increases in the
parameters, n, Bi1, and b1. The parameter n is the order
of reaction and from the set of equations (5), we see
that the index n relates to the oxygen (reactant) concen-
tration. So increasing the n will reduce the rate of reac-
tion according to the rate law expression. Bi1 (thermal
Biot number) is related to the heat transfer resistances
and hence is related to the material composition of the
sphere. Its increase will increase heat transfer resistance
and thus, the exothermic chemical reaction is reduced.
The decrease in temperature of the sphere due to ther-
mal Biot number is also attributed to the action of
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convective cooling at the surface of the sphere. The
oxygen consumption rate parameter b1 can be physi-
cally increased by reducing the oxygen supply to sur-
rounding air, which will also discourage exothermic
chemical reaction. The results are shown in Figures
6–8, respectively. The decrease in the profiles indicates
a slowdown of the exothermic chemical reaction to
reduce temperature increase and hence retention of the
thermal stability of the system. A different scenario is
observed in Figures 9–13, where an increase in a (car-
bon dioxide diffusivity), l (reaction rate), e (activation
energy), Bi2 (oxygen Biot number), and m (numerical
index for kinetics type) gives a corresponding increase
in temperature profiles. An increase in Bi2 implies an
increase in the supply of oxygen from the surrounding
environment to support the exothermic chemical reac-
tion process, leading to more generation of internal
heat in the system that corresponds to temperature
raise of the sphere. Note that the temperature profile
for biomolecular kinetics (m=0.5) is the highest and
the sensitized kinetics (m=22) gives the lowest profile.
This shows that thermal ignition occurs faster in
Figure 5. Effect of increasing t on oxygen concentration.
Figure 6. Effect of increasing n.Figure 4. Effect of increasing t on carbon dioxide emission.
Figure 3. Effect of increasing t on temperature.
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bimolecular type of exothermic chemical reaction as
compared to Arrhenius (m=0) and sensitized kinetics.
These parameters encourage exothermic chemical reac-
tion to occur and if the raise in temperature is not well
investigated, self-ignited fires may result.
Effects of thermo-physical parameters variation on
sphere oxygen concentration
Effects of parameters variation on oxygen concentra-
tion are illustrated in Figures 14–21. Figures 14–17
show the effects of n, Bi2, a, and Bi1 on oxygen con-
centration of the system. We see that an increase in each
of the parameters results with an increase in oxygen
concentration. These parameters reduce the exothermic
chemical reaction, hence less oxygen depletion. In other
words, these parameters reduce thermal ignition process
of the system. Higher levels of oxygen concentration
are attained during highest orders of exothermic chemi-
cal reactions compared to lowest orders, as indicated by
the effect of n. The diffusivity of oxygen (a) into the sys-
tem also facilitates more concentration of oxygen in the
Figure 7. Effect of increasing Bi1.
Figure 8. Effect of increasing b1.
Figure 9. Effect of increasing a.
Figure 10. Effect of increasing l.
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system. The increment of oxygen concentration with
increasing values of thermal Biot number and oxygen
Biot number is attributed to the combined effect of con-
vective cooling and continuous oxygen supply from the
surrounding environment at the surface of the sphere.
We have a different observation given by Figures
18–21, where an increase in parameters b1, l, e, and m
shows a decrease in oxygen concentration. The effect of
oxygen consumption rate parameter b1 reduces oxygen
concentration by facilitation thermal ignition process.
The rate of reaction l, the activation energy e, and the
exothermic chemical reaction type m also reduce the
oxygen concentration by accelerating thermal ignition
of the system. These parameters encourage exothermic
chemical reaction of the system to occur. The more oxy-
gen is consumed, the more the chemical reaction takes
place with the production of heat and carbon dioxide.
Effects of thermo-physical parameters variation on
sphere carbon dioxide emission
Here, we investigate the variation of parameters effects on
carbon dioxide emitted by the sphere of combustible
Figure 11. Effect of increasing e.
Figure 12. Effect of increasing Bi2.
Figure 13. Effect of increasing m.
Figure 14. Effect of increasing n.
Lebelo et al. 7
material as illustrated by Figures 22–32. We see from
Figures 22–26 the effects of n, Bi1, s, Bi3, and b1 on car-
bon dioxide. An increase in each of the parameters stated
result with a decrease in carbon dioxide emission. As dis-
cussed before, these parameters lesson thermal ignition
which results with less carbon dioxide emission coupled
with heat production. It is of environmental importance
that less carbon dioxide which contributes so much to
greenhouse effect is emitted. Figures 27–32 illustrate how
the parameters b2, e, a, Bi2, l, and m influence the
emission of carbon dioxide. An increase in the parameters
gives a corresponding increase in the carbon dioxide emis-
sion. These parameters enhance the exothermic chemical
reaction that results with using up more of oxygen to react
with carbon containing material to produce heat and car-
bon dioxide that are not good to a healthy environment.
Effects of parameter variation on thermal criticality
values or blowups
In this section, we present plots for thermal criticality
values, Nusselt number Nu, versus the rate of reaction,
Figure 15. Effect of increasing Bi2.
Figure 16. Effect of increasing a.
Figure 17. Effect of increasing Bi1.
Figure 18. Effect of increasing b1.
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Frank-Kamenetskii parameter l. The parameters
a, e, Bi2, m, and Bi1 were varied to establish values
that help to control exothermic chemical reactions or
spontaneous ignition systems against any explosion.
Figures 33–36 show that a combined decrease in the
parameters a, e, Bi2, and m enhances thermal stability.
This is because the thermal criticality values (l)
decrease with increasing values of these parameters as
indicated in Table 1. Keeping a and Bi2 very low means
that less oxygen from the ambient should be allowed to
diffuse into the system to reduce thermal ignition in
order to attain thermal stability. The same applies the
activation energy e and reaction kinetics index m. A dif-
ferent scenario is given by Figure 37 where an increase
in Bi1 gives a corresponding increase in thermal critical-
ity values, and this enhances thermal stability of the
Figure 19. Effect of increasing l.
Figure 20. Effect of increasing e.
Figure 21. Effect of increasing m.
Figure 22. Effect of increasing n.
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system. This is due to convective cooling at the surface
of the sphere. Numerical value results are presented in
Table 1.
Conclusion
In this article, we investigated the effects of various
parameters embedded within the system of a stockpile
of combustible material modeled in a spherical domain.
The study is based mainly on theory rather than experi-
mentation. The significance of theoretical investigation
of spontaneous combustion of combustible material in
a stockpile is that it is cost-effective, easier, and faster
than experimental approach to the investigation. The
important thing is that much knowledge of kinetic
parameters of reacting species is needed to do the theo-
retical study. In this investigation, we were able to iden-
tify kinetic parameters that influence the slowdown of
Figure 23. Effect of increasing Bi1.
Figure 24. Effect of increasing s.
Figure 25. Effect of increasing Bi3.
Figure 26. Effect of increasing b1.
10 Advances in Mechanical Engineering
exothermic reaction and so reducing the consumption
of oxygen in the system. The slowing down of exother-
mic chemical reaction was indicated by the decrease in
both the temperature and the carbon dioxide profiles,
but with the increase in the oxygen profiles. In gen-
eral, the following parameters, n, Bi2, a, and Bi1,
showed the tendency to favor the retention of oxygen.
On the contrary, parameters which enhance exother-
mic chemical reaction of the system were generally
identified as b1, l, e, and m. It was also shown that
in order to control exothermic chemical reaction in a
spherical reactive stockpile from leading to explosions,
the values of the following parameters, a, e, Bi2, and m,
should be kept low, but the value of Bi1 should be kept
high.
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Figure 27. Effect of increasing b2.
Figure 28. Effect of increasing e.
Figure 29. Effect of increasing a.
Figure 30. Effect of increasing Bi2.
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Figure 31. Effect of increasing l.
Figure 32. Effect of increasing m.
Figure 33. Effect of increasing a.
Figure 34. Effect of increasing e.
Table 1. Computations showing the effects of various thermo-physical parameters on thermal criticality values.
a e Bi2 m Bi1 Nu l
1 0.1 1 0.5 1 0.88472 28.400
1.3 0.1 1 0.5 1 0.98499 7.3369
1.8 0.1 1 0.5 1 1.21023 4.3671
1 0.8 1 0.5 1 0.76113 7.8003
1 1 1 0.5 1 0.73653 6.4788
1 0.1 1.3 0.5 1 0.98156 8.4520
1 0.1 1.6 0.5 1 1.08804 5.8730
1 0.1 1 0 1 0.93270 85.0959
1 0.1 1 22 1 0.99477 16817.8513
1 0.1 1 0.5 1.2 0.97089 487.2366
1 0.1 1 0.5 1.3 0.97150 536.8221
n= 1, s= 1, Bi3 = 1, b1 = 1, b2 = 1 in all calculations.
12 Advances in Mechanical Engineering
Declaration of conflicting interests
The author(s) declared no potential conflicts of interest with
respect to the research, authorship, and/or publication of this
article.
Funding
The author(s) received no financial support for the research,
authorship, and/or publication of this article.
References
1. Lohrer C, Krause U and Steinbach J. Self-ignition of
combustible bulk materials under various ambient condi-
tions. Process Saf Environ 2005; 83: 145–150.
2. Hensel W, Krause U and Loffler U. Self-ignition of
materials (including dust). In: Hartwig M and Steen H
(eds) Handbook of explosion prevention and protection,
vol. 2.7. Weinheim: Wiley-VCH, 2004, pp.227–270.
3. Lebelo RS and Makinde OD. Numerical investigation of
CO2 emission and thermal stability of a convective and
radiative stockpile of reactive material in a cylindrical
pipe. Adv Mech Eng 2015; 7: 1–11.
4. Lebelo RS. Convective and radiative heat loss impact on
CO2 emission, O2 depletion and thermal stability in a
reactive slab of variable thermal conductivity. In: Pro-
ceedings of the 2015 world symposium on mechatronics
engineering & applied physics (WSMEAP), Sousse, Tuni-
sia, 11–13 June 2015. New York: IEEE.
5. Petrou AL, Roulia M and Tampouris K. The use of the
Arrhenius equation in the study of deterioration and of
cooking of foods. Chem Educ Res Pract 2002; 3: 87–97.
6. Laidler KJ. The development of the Arrhenius equation.
J Chem Educ 1984; 61: 494–498.
7. Arisoy A, Beamish BB and Cetegen E. Modelling spon-
taneous combustion of coal. Turk J Eng Env Sci 2006;
30: 193–201.
8. Lebelo RS. Numerical investigation of CO2 emission and
thermal stability of a convective and radiative stockpile
of reactive material in a cylindrical pipe of variable ther-
mal conductivity. AIP Conf Proc 2014; 1621: 60–68.
9. Continillo G, Galiero G, Maffetone PL, et al. Character-
ization of chaotic dynamics in the spontaneous combus-
tion of coal stockpiles. Symp Int Combust 1996; 26:
1585–1592.
Figure 35. Effect of increasing Bi2.
Figure 36. Effect of increasing m.
Figure 37. Effect of increasing Bi1.
Lebelo et al. 13
10. Lebelo RS and Makinde OD. Modelling the impact of
radiative heat loss on CO2 emission, O2 depletion and
thermal stability in a reactive slab. Trans Mech Eng 2015;
39: 351–365.
11. Simmie JM. Detailed chemical kinetic model for the com-
bustion of hydrocarbon fuels. Prog Energ Combust 2003;
29: 599–634.
12. Williams FA. Combustion theory. Benjamin & Cuminy
Publishing, 1985.
13. Legodi AMK and Makinde OD. A numerical study of
steady state exothermic reaction in a slab with convective
boundary conditions. Int J Phys Sci 2011; 6: 2541–2549.
14. Sadiq MA and Merkin JH. Combustion in a porous
material with reactant consumption: the role of the ambi-
ent temperature.Math Comput Model 1994; 20: 27–46.
15. Makinde OD, Chinyoka T and Lebelo RS. Numerical
investigation into CO2 emission, O2 depletion and ther-
mal decomposition in a reacting slab. Math Probl Eng
2011; 2011: 208426 (19 pp.).
16. Chinyoka T and Makinde OD. Computational analysis
of CO2 emission, O2 depletion and thermal decomposi-
tion in a cylindrical pipe filled with reactive materials.
Commun Nonlinear Sci 2013; 18: 2448–2461.
Appendix 1
Notation
A rate constant (s1)
Bi1 thermal Biot number
Bi2 oxygen consumption Biot number
Bi3 carbon dioxide emission Biot number
C O2 concentration (kgmol
1)
Cb O2 concentration at the sphere surface
(kgmol1)
C0 O2 initial concentration in the sphere
(kgmol1)
D O2 diffusivity in the sphere
E activation energy (Jmol1)
k thermal conductivity of the reacting
sphere (J s1m1K1)
K Boltzmann constant (JK1)
l Planck number (J s)
m numerical exponent
n order of reaction
Nu Nusselt number
P CO2 concentration (kgmol
1)
Pb CO2 concentration at the sphere surface
(kgmol1)
Q heat of reaction (J kg1)
r dimensionless sphere radial distance
r sphere radial distance (m)
R universal gas constant (JK1mol1)
Sh1 dimensionless O2 transfer rate at sphere
surface
Sh2 dimensionless CO2 transfer rate at sphere
surface
T absolute temperature of the sphere (K)
Tb ambient temperature
T0 initial temperature of the sphere (K)
a oxygen diffusivity parameter
b1 O2 consumption rate parameter
b2 CO2 emission rate parameter
g CO2 diffusivity in the sphere
e dimensionless activation energy parameter
u dimensionless temperature
l modified Frank-Kamenetskii parameter
v vibration frequency (s1)
s carbon dioxide diffusivity parameter
F dimensionless O2 concentration
C dimensionless CO2 concentration
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